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Abstract 

Let p be a prime and q — p 9 . We show that the Grothendieck ring of finitely generated 
F q [SL2 QF g )] -modules is naturally isomorphic to the quotient of the polynomial algebra 
Z[x] by the ideal generated by f l9] {x) - x, where f(x) = ( p - j )x p - 2j , 

and the superscript [g] denotes gr-fold composition of polynomials. We conjecture that a 
similar result holds for simply connected semisimple algebraic groups defined and split 
over a finite field. 



1 Introduction 

In [5], J-P. Serre discovered a puzzling identity involving characteristic p symmetric pow- 
ers representations of the group GL 2 (¥ q ), viewed as elements of the Grothendieck ring 
K (GL 2 (¥ q )) of finitely generated F 9 [GL 2 (F g )]-modules. 

More precisely, fix a rational prime p, a positive integer g, and set q = p 9 . Denote by 
¥ q a field with q elements and by the group SX 2 (F,j) C GL 2 (¥ q ). For any non-negative 
integer k, denote by DJlk the (k + I)-dimensional representation Sym fc F^ of 0. Motivated by 
the computation of the Euler-Poincare characteristic of the twisted sheaf O (k) on Pjj, , in [5] 
Serre extended the definition of the modules SDtfc's for negative values of k, and showed that 
for any integer k the following relation holds in the ring Kq (&): 

m - 9Jt fc _ (?+1) = 97lfc-( 9 -i) - M k - 2q . (S) 

The dimensional shiftings by q+1 and q—1 occurring in Serre's relation can be obtained by 
applying opportune intertwining operators Q q and D to the symmetric powers modules. This 
has been exploited in [3] for the study of cohomological weight shiftings for elliptic modular 
forms modulo p. 

Motivated by generalizations of the above considerations to Hilbert modular forms, families 
of generalized Q q and D operators arc defined in 4 , and the following identity in Kq (©) is 
proved for any integers k, h and i: 

T^mt n wljmt] 1 = ^LotJ;^ 1 - mt 2 M +1] - (*) 



Here the superscript [i] denote the zth Frobenius twisting on the corresponding virtual repre- 
sentation. 

Using Glover's product identity, one sees that ($) is equivalent to (S) in case 5 = 1, but 
it is stronger for 5 > 1. 

In this paper we apply formula ($) to determine an explicit presentation of the Grothendieck 
ring Kq (25). We treat the case of & = SL2(¥ q ) instead of GL2(¥ q ), so we will not need to 
consider determinant twists that would make the set of relations more complicated; following 
the same methods we describe below, one could easily work with GLi2(¥ q ) instead. 

Our main result is the following (cf. Theorem [ 



Theorem 1.1 Denote by X the standard representation of & on F q and let y be an indeter- 
minate over Z. The assignment X 1 — > y induces an isomorphism of rings: 



((!»!(,) - f ) Z[r]' 



where f^(y) = (f ••• f) (?) is the polynomial of Z[y] having degree p 9 obtained by g-fold 
composition of the monic degree p polynomial: 



fa) =£^(-1)^ 

^3=0 P-J\ J J 

Proposition 13.91 gives an explicit closed formula for f' 9 '(y). Notice that, since f(p) = 
y p (modpZ[y]), the structure of the generic and special fibers of the ring Kq (®) ®z Z p are 
easily determined fCoroilarv l3.7[) . On the other side, the arithmetic properties of the poly- 
nomial f(y) over Q seem to be more complicated. 

In the last paragraph of the paper we prove the following fact (Proposition ^. 1[) : assume G 
is a simply connected, semisimple algebraic group defined and split over F g . If 9H is an F q [G]- 
rational module of finite F g -dimension, then the multiplicity of an irreducible F g [G]-rational 
module QJ as a Jordan-Holder constituent of 9Jl^ is congruent modulo p to the multiplicity 
of 03 as a Jordan-Holder constituent of 9Jt® p , for any positive integer i. 

Motivated by this result, we are led to conjecture that the Grothendieck ring of a Chevalley 
group arising from a rank I algebraic group G as above is isomorphic to the algebra 



P-2j 



where for any i, (pi) is the 5-fold composition of the degree p monic polynomial fi(fi) S ZfyJ. 
We conjecture that fi(ji) = (modpZ[yi]) for any value of i. Some of the evidence for this 
conjecture is presented at the end of paragraph 4. 

Conventions All the group representations in this paper are left representations on a 
module of finite length over a fixed ring. If R is an algebra over a ring A, and S is a subset 
of R, the symbol A[S] denotes the A-subalgebra of R generated by S. 
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2 Weight shift ings identities in Kq(0) 



Fix a rational prime p, a positive integer <?, and set q = p 9 . Denote by ¥ q a finite field with q 
elements and fix an algebraic closure F 9 of ¥ q ; let a S Gal (F g /F p ) be the arithmetic absolute 
Frobenius element. Denote by © the group SL2(¥ q ). 

For any i € Z, the Frobenius power a 1 induces a function © — > © obtained by applying 
a' 1 to each entry of the matrices in 25: composing this map with the action of © on a given 
F 9 [25]-module 9Jt gives to the latter a new structure of ©-module, that is denoted 9Jt^ and 
called the ith Frobenius twist of 9H. 

If / : 971 — > 91 is a homomorphism of F 9 [©]-modules and i G Z, we denote by /M : 
9Jt w — > 9t w the 25-homomorphism defined by f [ii {x) = f(x) for all x S 9Jt w . 

Let X denote the standard representation of 25 on ¥ q and, for any positive integer fc, define 

9Jt fc = Sym* X 

to be the kth symmetric power of X, so that in particular X = 9Jli . Let 9Jto be the trivial 
representation of 25 on F g . 

Observe that we can identify dJlk with the F 9 -vector space of homogeneous degree k 
polynomials over F g in two variables X and Y, endowed with the action of © induced by: 



As a consequence of Steinberg's restriction and tensor product theorems ([6]) we have: 
Proposition 2.1 All and only the irreducible representations of © over ¥ q are of the form: 

✓O^ 1 cn»M 



JJl k, ' 



where kg, fc ff -i are integers such that < ki < p — 1 for i = 0, g — I, and the tensor 
products are over¥ q . Furthermore, the above representations are pairwise non-isomorphic. 

Denote by K (&) the Grothendieck group of finitely generated F 9 [©]-modules. K (&) 
is isomorphic to the free abelian group generated by the isomorphism classes of irreducible 
representations of © over ¥ q , so that it has rank q over Z. If 9Jt is an F 9 [©]-module, we will 
denote by the same symbol 9Jt its class in K (&), if no confusion arises. 

Tensor product over ¥ q induces on Kq(<5) a structure of commutative ring with identity; 
we denote the product in Kq(<3) by • or by simple juxtaposition. All the tensor products we 
will consider in the sequel are over ¥ q , unless otherwise specified. 

We can extend the definition of the virtual representation 9Jtfc for k < in a way that is 
coherent with Brauer character computations. In [5], the determination the Euler-Poincare 
characteristic of the twisted sheaf O (k) on Pj. suggests the following: 

Definition 2.2 Let k be a negative integer. Define the element 9Jl^ of the Grothendieck group 
K Q (©) of © over ¥ q by: 

on -i tf* = -i 

- l/ 1 9H_ fc _ 2 ifk<-2. 
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The following result summarizes some non-trivial identities that hold in the ring Kq (0): 
Theorem 2.3 Let k and h be any integers. The following identities hold in K (©).' 



m k = -OT_ fe _ 2 (A ff ) 

m - m~( q +i) = ajt fc _ ( ,_i) - 9Jt fe -2 g (e 9 ) 

m k m h = m k+h + m k -m h -i (n fl ) 



Proof Formulae (A g ) and (E 9 ) are proved in [5] via a Brauer characters computation. 
Formula (II g ) comes from an exact sequence of ©-modules constructed in pQ. Formula 
is proved in section 3 of [4J. ■ 

We remark that formula (& g ) appeared in [3] also in the form: 

where A:, h and i are any integers. 

The product formula (IIi) implies that ($i) and (Ei) are equivalent. If g > 1, ($ g ) 
cannot be deduced from (E ff ) and (n g ): the proof of this fact, contained in 4], is indirect and 
throughout the paper the knowledge of Serre's relation (E g ) will allow sometimes to bypass 
long computations involving Frobenius twists, when g > 1. 

In [3] it is also proved that for g > 1, we can use the relations (A g ), ($ ff ), (II g ) to explicitly 
compute the Jordan-Holder factors of any virtual representations of the form Y\i=a > where 

fe , kg-l G Z. 

3 Presentation of Kq(0) 

We keep the notation introduced in the previous paragraph. 

Lemma 3.1 The ring Kq (©) is generated by X as a Z-algebra. 

Proof By Proposition 12.11 Kq (©) is freely generated as a Z-module by the q elements 
Y[i=o 2tfc' ' wnere < fej < p — 1 for any i. It is therefore enough to show that for all integers 

i, k such that 0<i<#-landO<fc<p-lwe have G Z[X]. 
Applying (fl g ) we obtain the recursive relations: 

9Jt 2 =X 2 -l, 9Jt„ = X-©?„_i-aJt„_ 2 (n>2), (1) 

so that G Z[X] for all fc > 0. Twisting Jl} by powers of Frobenius, we obtain: 

mf = (x H ) 2 - i, sww - x [i] • sut^lj - an^_ a (n > 2), 



4 



for all < i < g - 1, so that fflf) 6 Z[X, X [1] , X^ 1 !] for all fc > and: 

K (<5) =Z[X,X m ,...,Xte-% 

By we have 3Jl p = OJtJ 1 ' — 9Ut_ p , and applying (A 9 ) we obtain X^ = 9Jt p — 9Jt p _2, so 

that XW € Z[X], as SDTjt G Z[X] for all fc > 0. We also obtain that, for any < i < g — 1, we 
have: 

X [!+1] = OTW - 9JtJjL 2 , (2) 
and we conclude X™, X^" 1 ! G Z[X], implying # (®) = Z[X]. ■ 

Let y be an indeterminate over Z and define the following two families of polynomials of 

m (y) = l 
ini(y) = y 
M?) = y 2 - 1 
k m„(y) =y-m„_ 1 (y) -m„_ 2 (y) (n > 2); 

fi°](?)=y 

fM(y)=m p (y)-m p _ 2 (y) 

fM(y)= (fWof['-H)(r) =m p (f- 1 ](y))-m p _ 2 (f- 1 ](r)) (i > 1). 

Observe that for any non- negative integer n, m„(y) is a monic polynomial of degree n, so 
that for any non- negative integer i, f^(y) is a monic polynomial of degree p l . 

Lemma 3.2 For any non-negative integer i, we have pl(X) = X^ in Kq (©). 

Proof Notice first that, by definition of m ra (y) and by formula (JXJ) , one has: 

m„(X) - M n (3) 

in Kq ((5) (n > 0). To prove the lemma, we use induction on i. If i — 0, the statement is clear; 
if i = 1 it follows from formulae (|3]) and ([2]) . Assume i > 1 fixed and suppose fM(X) = XH. 
We have: 

f +1 \x) = m p (fH(X))-m p _ 2 (fM(X)) 
= m p (xW) -m p _ 2 (xW). 

Observe that Frobenius twists do not act on the coefficients of virtual representations in 
K (<&), so that the last term above is equal to m p (X)W — m p _ 2 (X)M. By formula ([3]), the 
latter is mf - DJlf_ 2 . By formula ©, this is M l p ] - Ttf_ 2 = X^ l+1 l ■ 



Proposition 3.3 There is an isomorphism of rings 

Z[y] 



(fM(y)-y)Z[y] 



induced by mapping the indeterminate y of the polynomial ring Z[y] into the class of the 
representation X of 25. 
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Proof By Proposition l3.il the ring homomorphism Z[y] — > Ko (0) induced by y i— > X is 
surjective. Since 3D 3 ' = X in Kq (©), and since by the above lemma we have f[ ff l(£) = 
the above assignment induces an epimorphism 



tt : 



Z[y] 



K («) ■ 



(fW( p )- f )Z|y] 

Since f[ ff l(y) - y is a polynomial of degree and since (©) is Z-free of rank p 9 , after 
tensoring with Q the map tt defines an isomorphism of Q-vector spaces. This implies that 
ker 7T is a finitely generated torsion Z-submodule of 



Z[y] 



(fM(;) y)z[y] ' an< ^ nence * s trivial since 
f' 9 H?) — ? is monic. We conclude that tt is an isomorphism of rings. ■ 

We are now left with determining an explicit formula for the polynomial f^(y) G Z[y]. 
Lemma 3.4 For any non-negative integer n we have: 



tnn(?) 



^|n/2j 



(-l) J f" ' 1 , 



(Where, for any integer h, \_h\ denotes the largest integer not greater than h). 

Proof We use induction on n > 0; denote by m'>(y) the right hand side of the above 
formula. We have rrig(r-) = 1 = mo(y), m'i(y) = y = rtii(y) and m' 2 (y) = y 2 — 1 = rri2(y). If n > 2 
we have by induction: 



m n (y) = ym„_ 1 (y) - m„_ 2 (y) = P<_i(?) - t<_ 2 (y) 
If n > 2 is even, |_(n - l)/2j = [(" - 2)/2j = (n/2) - 1 and: 

m„(y) - E^-^-irrj^y^' + E^i (-!)'( n ti j )i n ~ 2j 

= ? + (e^ 1 [rf) + C7V)] ? n ~ 2j ) + (- 1 )" 72 

= y" + (E^ -1 f'W ") + (- 1 )" 72 

= ES 2J (7 J ')y n " 2j 
= <(y)- 

If n > 2 is odd, [(n - 1)/2J = (n - l)/2, [(n - 2)/2j = (n - 3)/2 and: 
m„(y) 



y- + (e£t 1)/2 [("-}-') + C7V)] p n_2i ) 
r + (Efc 1)/2 (-i) J '(v>"^) 
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Corollary 3.5 Let n>2 be an integer. Then: 
m„(y) - m„_ 2 (f) = 



n-j 



J 



Proof This is a computation using the previous lemma. We distinguish two cases: if 
n > 2 is even we have: 



m„(r) - m„_ 2 (r) = E^o (V)?""^ " ("tf ("-J-V _aW+1) 

V (n-j\ r n-2j ,^n/2 f_-,\j (n-l-j\ n-2j 



If n > 3 is odd we have: 



? n + E£l(-i) J [C7) + C7V) 
f n + E^ 2 i(-i) J '^j( n j J > n - 2j '- 



m„(r) - m„_ 2 (r) = E*"" 1 )/ 2 (-1)' ("7V" 2j - Efe 3)/2 (-1)' r^V" 20 '^ 

= Efe 1)/2 ("7 V~ 2j + E£T 1)/2 ( n ^?)t n - 2j 



= ?"+e;=t 1)/2 (-i) j [(t) + C7V) 

= F" + E& 1)/2 (-i) j ^(7V~ 2j - 1 



r n-2j 



We have proved: 

Theorem 3.6 Let g be a positive integer, p a prime, q = p 9 and set = SLi (¥ q ). Denote 
by X the standard representation of & on F 2 , and let r be an indeterminate over Z. The 
assignment X i — > r induces an isomorphism of rings: 



Z[r] 



(ffaiGO-aOzM' 



w/iere f' 9 l(y) = (f of o ... of) (r) is tfte monic polynomial of Z[r] having degree p 9 that is ob- 
tained by composing g-times wit itself the monic degree p polynomial: 



P (P-J\ f -2 j 
J 



At the time of writing of this paper, we do not know much about the properties of the 
polynomial f^ (r) — r when viewed over Z. Notice that if p > 2, fW (y) — r is an odd polynomial; 
using the easy to check facts that for any integer n > we have m„ (2) = n + 1, and that: 

f -1, if n = 3,4(mod6) 
m n (l)=< 0, if n = 2,5(mod6) 
[ 1, if n = 0,l(mod6), 
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one deduce that f^(j) ~ J always admits 0, ±1, ±2 as roots, as long as p > 3 (roots and ±2 
also occur for p — 3). Furthermore, from computer elaborations, fM(y) — y seems to have only 
real roots. 

In general, it is natural to ask what we can say about the irreducible factors over Q of 
f' 9 '(?) — y. We do not have an answer for this. Nevertheless, after tensoring K (©) with Z p , 
we can prove: 

Corollary 3.7 Let Kq (&) p = Kq (©) ®i Z p . For any positive divisor d of g, let ip(d) be the 
number of monic irreducible polynomials of degree d in F p [y]. Then: 

(a) The special fiber of Kq (©) is a split ¥ p -algebra isomorphic to TT F^j^; 

P ±l~d\g P 

(b) The generic fiber of Kq (25) p is a split Q p -algebra isomorphic to Q^i^ ■ 

(Here we denoted by Q p d the degree d unramified extension ofQ p contained in a fixed algebraic 
closure of Q_ p ). 

Proof By the explicit formula given above for f(y), we see that f(y) = y p (modpZ[y]): this 
is clear if p = 2, otherwise notice that -^( P T 3 ) = p ■ fe^rri and the last denominator is 
prime to p if 1 < j < , implying that jf.^JZ^jy. e ^- We conclude that 

f[%) -y = f -y(modpZ[y]) 
and statement (a) follows. Part (b) follows from (a) and Hensel's lemma. ■ 



Remark 3.8 We also have isomorphisms of algebras: Kq ((3) p ®z p F g ~ (F g ) 9 and Kq (25) p <8>z p 
Q q ^(Q q ) q . 

It is interesting to notice that we can give an explicit formula also for f' 9 '(y). As the 
following proposition uses Serre's relation (£ 9 ), it seems that an explicit formula for f^(y) 
when i ^ 1, g would probably require more work. 

Proposition 3.9 We have f^(y) = vn g (y) — m g _ 2 (y) 7 so that: 

f [ %) = E k/ Vi) J — -V 2i - 

^3=0 q-J\ J J 

Proof Let tt : Z[y] — > Kq (0) be the epimorphism of rings obtained by sending y to X. 
Relation (S a ) implies that Mi = ffl q - 97t g _ 2 in K (<5), that is 97l 9 - 9Jt g _ 2 - X = 0. This 
means, by formula ([3]), that X satisfies the polynomial m g (y) — m g _ 2 (y) - f £ Z[y], so that 
m 9 (y) - m g _ 2 (y) - y £ ker7r = (f [sl (y) - y) Z[y]. Since m 9 (y) - m 9 - 2 (y) - y and f^(y) - y are 
both monic of degree q, the last relation implies that they have to be equal and f ^ (y) = 
m 9 (y) — m g _ 2 (y). The proposition now follows from Corollary [33] ■ 
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4 A conjecture 

The following fact was pointed out to us by G. Savin: 

Proposition 4.1 Let p be a prime and q = p 9 > 1 be an integral power of p. Let G be a 

simply connected semisimple algebraic group defined and split over¥ q , and denote by Kq(G) 
the Grothendieck ring of ¥ q [G\-rational modules of finite ¥ ' q - dimension. If DJl is an element 
of Kq(G) and i is any non-negative integer, we have: 

Wt® = M P * (mod pK Q (&)). 

Proof Let T be a maximal torus of G defined and split over ¥ q , and denote by X = X(T) 
its character group. For any A G X, denote by e(A) the corresponding basis element of the 
group ring Z[X], so that e(A + A') = e(A)e(A') for any characters A and A'. 

Fix a G-module 9Jt and write its formal character as: 

chOT = ^ Aex m A - e (A), 

where m A is the dimension of the A- isotypic submodule of DJl. For a positive integer i, the 
pHh power automorphism of F g induces an action on Z[X] by sending a basis element e(A) 
to e(p i X), so that: 

ch(OTW) = E AeX m A-e(Af 1 

= (E AeX m ^ e ( A )) P (nu>dpZ[*]). 

The formal character (J2xex m ^ ' e W) P 1S * ne element associated to 9Jl p by the map 
ch : K (G) — > Z[X]. We have therefore: 

ch(2tt H ) = ch(2n pl ) (modpZ[X]). (1) 

Let W denotes the Weyl group of the pair (G,T). By [2] II. 5. 8, the map ch induces an 
isomorphism of commutative rings: 



ch : K (G) -A- Z[X] 



w 



Write ch(WlH) = J^xex a\-e(\) and ch(MP') = J^xex & a -e(A), so that ch(aJtM -SDF*) = 
Y^xex ~ b x ) ' e ( A ) ^ s sucn that: 

E AeX ^ - b ^ ■ e ( A ) = J2 XeX (°a - b x ) ■ e(wX) (2) 

for all w G W. 

By ((T|), there are integers c A such that a A — fe A = pc A for all AgI. Since Z[X] is Z-flat, 
we can view it as a subring of Q[-X], in which we have, for any w G W: 



w 



(E Ae ^A-e(A)) = ^ Aa (a,- 6A ).e(,A) 



;E Ae x^-^)-e(A), 
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where the last equality follows from @. Therefore w ■ (J2\ex c >~ ' e (^)) = J2xex c >~ ' e (^) m 
Z[X] for all w G W and 

ch(m [l] -M pl ) e P Z[X] w . 
This implies that 9JlW is congruent to modulo the ideal generated by p in Kq(G). ■ 

Motivated by Theorem 13.61 Corollary 13 . 71 and Proposition ^. 1[ we are led to the following: 

Conjecture 4.2 Let p be a prime and q — p 9 > 1 be an integral power of p. Let & be a 
simply connected semisimple algebraic group defined and split over ¥ q , whose rank is t > 0. 
Denote by Ko(G(¥ q )) the Grothendieck ring of finitely generated ¥ q [Gr(¥ q )]-modules. Then 
there exist £ monic polynomials fife) G Z[yi], ...,fefe) G Z[y^] having degree p such that: 

tfo(G(F,))~ Zfrl ""' ft] 



" (fS" 1 (Jti) - Jd, - ^) Zfri, p<] ' 

where for any i, 1 < i < £, ff\&) is the polynomial obtained by composing fife) with itself g 
times. 

Furthermore, fife) = yf (mod pZ[fi]) for any i, 1 < i < £. 

The idea behind the above statement is that if ir is an isomorphism of Z[yi, ...,&]/ (f^ fe) — 
fi, ...,f^(y^) — onto i<o(G(F g )), and if we set 3£, := 7r(yj) for 1 < i < then fi(3ti) G 
if (G(F 9 )) should be the Frobenius twist xf ] . This means that the relations imposed above 
in the algebra Zjyi, ...,&] are the obvious ones that translate into x[ 9 ^ = Xi for all i. 

Here is some evidence for the conjecture: 

(a) As proved in the previous paragraph, the conjecture is true for G = SL2 over ¥ q (I = 1), 
in which case we can also give an explicit formula for the polynomial f(y) = fi(yi) 
(Theorem [ 



(b) A theorem of Steinberg ([6]) states that if G is a simply connected semisimple algebraic 

group over ¥ q , the number of semisimple conjugacy classes of G(F 9 ) is equal to q £ , where 
I is the rank of G. Therefore Kq (G(F 9 )) ~ Z 9 as Z-modules, which follows from the 
conjecture. 

(c) Since t)fe,...,u) q = ••-)??) for any polynomial t)fe,...,u) e F 9 [yi, ...,&], the conjec- 

ture implies that djf = 93t for any 9JI G Ko(G(¥ q )) &%¥ q . This fact is also a consequence 
of Proposition ^. II 

(d) Assume we are given a surjective homomorphism of F 9 -algebras: 

7 :F a [yi,...,2: < ] — ► X (G(F 9 )) ® z ¥ q . 

Proposition 14.11 implies that 7(yi) 9 = jfe) for any integer i, 1 < i < £; in particular 
the kernel of 7 contains the ideal generated by the polynomials yf — yi, ...,yf — By 
dimension reasons we must have an isomorphism of F 9 -algebras: 

F g [pi, ...,&] 



(fi — ?i, -&)F 9 [fi,...,&] 
This is predicted by Conjecture 14.21 



#o(G(F 9 ))«> z F 9 . 
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If Conjecture 14.21 is correct, one would like to determine explicit formulae for the poly- 
nomials fi(fi), ...,fi(^e) and to relate factorization properties of these polynomials in Z[jj] to 
algebraic properties of the group G(F g ). 
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